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Gbstlrilliog in quantized Einstein-Maxwell theory 

M Nouri-Moghadam and J G Taylor 
Department of Mathematics, King's College, Strand, London WC2R 2LS, UK 

Received 26 June 1975 

Abstract. It is proved that the spin 2 massive ghost, with mass d(- 1/46) arising-in the 
non-minimal gravitational Lagrangian .,I( - g ) ( R  +oR2 + bR,,R"'+LM,,,,ll) cannot be de- 
coupled from the photon field in lowest non-trivial order in perturbation theory. We 
conclude that gravity coupled to photons is not physically renormalizable except by a 
miracle. 

I. Modaction 

momariation of Einstein's theory of gravitation in the presence of matter has 
to non-minimal terms in the gravitational field as necessary counter terms in the 

b p g i a n  to remove ultraviolet divergences at single-loop level ('t Hooft and Velt" 
1974, h r  and van Nieuwenhuizen 1974, Capper et 1974, Noui-Moghadam and 
Taylor 1975% b). These extra terms modify the free-field propagators in Such a fashion 
that no further counter terms are required beyond those from the single-looP con- 
tributions (Nouri-Moghadam and Taylor 1975% b, de Witt 1964, 1967). This has led 
loclam (Deser 1974, de Witt 1967) that such a gravitational theory is renormalizable 
to all orders. But the successful treatment of the ultraviolet divergences has been 
achieved at the cost of ghosts introduced into the propagators to give enough damping 
ofhigh-energy behaviour. This paper is a contribution to the question: should ghosts 
h&en you? 

The ghosts present in the gravitqtional scalar meson theory were earlier shown 
mOuri-Moghadam and Taylor 1975c, referred to as I) to be coupled to physical states 
OftheI"-graviton system, so the ghosts could not be decoupled. The analysis was 
performed only at the level of certain tree graphs so that radiative corrections could 

intervene to exorcise the ghosts. However such a possibility appears rather un- 
&elY and even bordering on the miraculous since the radiative corrections to the 
restdues of the ghost poles are non-trivial functions of the external momenta. The 
c o n c l ~ i O n  we reached there (I) was that the Einstein-scalar meson theory was very 

We conclude from this that scalar mesons will not be expected to exist in a world 
!elementaV Particles in which gravitation is also taken seriously. This seems con- 
w?t with the absence of stable scalar mesons. We now have to turn to the existing 
mcles and See if they also can exist in a gravitating world. We concentrate here on 
a gravitating world composed otherwise only of photons. We derive the photon- 
@Won vertex and investigate the residues from simple tree diagrams at the graviton- ''' vertex. AS in our previous discussion we will try to discover if we can choose 
Ihevano"strengths of the non-minimal terms in the Lagrangian so that these residues 

to be physically renormalizable. 
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are zero and the ghosts are exorcised. Our previous remarks on the relevance of& 
results to the complete set of perturbation diagrams apply also here, so that oqi, 
diagram is discovered which contributes a nonzero ghost residue the theory 
non-ph ysical. 

2. The photon-graviton vertex 

The Lagrangian density for the coupled Einstein-Maxwell theory, including the Dw 
minimal gravitational terms, is 

L = J(-g)(R+uR2 +bR,,R"-$F,,FZ,g'"gvB) @I! 
where F,, = d,A,-d,A,,  8, = a/dxp and A,  is the Maxwell potential. We have 
discussed the gravitational terms in (2.1) (the first three terms) and will cone& 
here on the fourth term. To do that we will expand the gravitational field to first ordp 
in the quantized fluctuation h,, about the Minkowski background qqV:  

g,, = flrv+h,, 
where the Minkowski metric is used to raise and lower the tensor indices on hpv.  Thm 
the fourth term in (2.1) becomes 

-&I +~h~)(q'"-h"")(17'~-h"~)F,,Fz,. (a 
We can deduce from (2.2) the vertex V,$ for the coupling of a graviton with term 
components p, v to two photons with components a, j3 and momenta k , ,  k ,  : 

v$ = + b{ [(k 1 k2)tl"' - k'?kf ' I~p,  - (k ipk2, + k i  ,k2,)V8 

- ~ ~ l ~ 2 ~ ~ ' 1 2 , ' 1 S y + 1 7 ~ ? ~ ~ + ~ ~ , , ~ S 2 + k ~ ~ 2 , ~ r t ~ + ~ ~ " ; 2 , + ~ , , ~ ; ~ ' 1 , P  

+ 3k1,k;  + ] i ;k , , )d  + %,,k28 + k,Q,,)q",j. (U 
We note that (2.3) satisfies the various gauge conditions, such as 

kl,V3$ = 0. 

We will restrict our discussion solely to the diagram of figure 1 with the external photos 
on their mass shell, so that we need only consider the vertex functions 

fv$(e:,' '(k , e$* Yk2)  + k,)  e r  )(k , )) 
= W;.,,(e('), k ,  , e(*),  k , )  

= a{s,,.[(k 1 k 2 )  (e' e(2))  - (e(' 'k , ) (e '2)k ,)I - (e(')  d2) )  (kl,k2, + k , ,kzJ 

-(klk2)(e:"(k,) e12(k2) + eL1)(k,) e p ) ( k 2 ) )  

+ (e("k2)klP et2)+ (e (2)k , )k2 ,  r t l ) } .  

Figm 1. The diagram representing scattering of two photons with initial mome'lat. 

represented by full lines. gravitons by broken lines. 
and k z  and final momenta k f  and ki through single-graviton exchange; Photo' f 
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JTq&oton scattering 

evaluate the diagram of figure 1 to be 

V ,  3 i.u (e( ' ) l ,  k: ; k~Q"pv)"Y;,pV(e('), kl ; e('), k2). 

take the centre of mass of the incoming system, with the pairs of photons having 
d i y  ofihogonal polarization vectors : 

(etit $2)) = 0. 

( P k J  = (e(2)kl)  = (e(')k2) = (e(2)k2) = 0 then 

Y'&Jetl), k ,  ;e('), k , )  = -&k2)(ey)(kl)  e$2)(k2)+e~1)(k l )  ek2)(kZ)). 

wthe value of the diagram of figure 1 is 

#k1k2)(k:k:) e\') e(~)Qpv"' e\')1 

$me the results of our previous work (I) that near the spin 2 ghost pole 
2 

p-- pz+ 1/4b [(hapqpv - ~ z p q p v  - q r r v ~ p p )  + & V ? ~ P P ~  + ~ , , p p ~ p )  

64b2 
-T P ~ P P S P ~ P ~  -4b(qappp~v + V ~ P B P ~  + ~ p p ~ p ~ v  + v ~ ~ P ~ P ~ ) ] .  

Iben near this value of p2 
( I C ) Q P V A U  211) Zbz) 

Wehave that rhe photon momenta are 

k ,  = (lk1l,k1)+ k2 = (IhlI, -h j ) ,  k :  = ( 1 ~ ~ 1 ~ ~ ~ ) ~  k: = (lk:I, 
Wechoose that k ,  is parallel to the z axis and we can further choose 

e(') = (1, o,o), ' d2) = (0,1,0) ; 

z(') = (cos @ sin a, cos @, -sin e), zt2) = (cos @, -sin @, 0) 
akl= lki((sin 0 sin 0, sin 0 cos a, cos 0). Thus we obtain 

(e(1) P(~))(v(~) e(2)) cos 0 cos2 
(&I) $1)) (e(z)  $2)) = -cos 0 sin2 

IOtheresid2e at the spin 2 ghost pole of figure 1 is proportional to 

'value ofk: at the pole is - 1/16b so that the residue (3.2) can only vanish at the 
is infinite. But if we look at the form of QpvZu in that case we obtain only the h 

( 3 4  cos 0 cos2 0. 

2 
- = ( V @ y p o +  ?pp"* + r y p v p i  + p p ' p l )  

( P I  
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which corresponds to purely spin 1 exchange; coupling to a conserved 
momentum tensor can only give zero contribution for all Feynman diagrams, nuR 
can dispense with this case as uninteresting. 

M NourtMoghadam and J G Taylor 

4. Discussion 

We have shown that the spin 2 ghost graviton contribution to photon-photon scatterhn 
is present in the lowest-order diagram. We have already remarked that we do not e& 
radiative corrections to modify our result. We are thus left with the difficulty ofsearch$ 
elsewhere for a quantum theory of gravity which is physically sensible. Howe*, 
whatever else is to be added to the matter Lagrangian cannot modify at the low 
order level at which we have been working. Only higher-order radiative conmiom 
arising from any additional terms will be relevant, and we have already remarked that 
they will only cause cancellation by a miracle. 

Our final conclusion is that it is not possible to quantize Einstein's theory ofgravi~. 
A similar analysis of the spinor-graviton interaction, which has been nearly completed 
is needed before that conclusion is established for all forms of matter. But alreadya 
this stage we can say that we will need to look elsewhere for a quantizable theoryo[ 
gravity and matter. We hope to return to this elsewhere. 
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